In string models with "brane supersymmetry breaking" exponential potentials emerge at (closedstring) tree level but are not accompanied by tachyons. Potentials of this type have long been a source of embarrassment in flat space, but can have interesting implications for Cosmology. For instance, in ten dimensions the logarithmic slope |V ′ /V | lies precisely at a "critical" value where the Lucchin-Matarrese attractor disappears while the scalar field is forced to climb up the potential when it emerges from the Big Bang. This type of behavior is in principle perturbative in the string coupling, persists after compactification, could have trapped scalar fields inside potential wells as a result of the cosmological evolution and could have also injected the inflationary phase of our Universe.
Introduction
Inflation is today a basic tenet for Cosmology [1] , while supersymmetry breaking [2] is perhaps the key issue that one must face when trying to connect String Theory to the real world. It typically destabilizes an original Minkowski vacuum, so that little can be done if one insists on static backgrounds, aside from appealing to the Fischler-Susskind mechanism [3] or to similar resummations around an original "wrong vacuum" [4] . The two problems, however, can find a common ground in the orientifolds [5] where "brane supersymmetry breaking" [6, 7] occurs, whose vacua accommodate non-BPS combinations of extended objects in such a way that supersymmetry, broken at the string scale, appears non-linearly realized in the low-energy supergravity [9] . Tadpoles do arise in these models, but to lowest order they are not accompanied by tachyons, so that important information can be extracted taking into account the exponential potentials that they bring about. On the other hand, it is natural to wonder whether a supersymmetry breaking mechanism that is intimately tied to the string scale could have played a role in the Early Universe. With these motivations in mind, in this letter we elaborate upon a phenomenon that, as we recently came to know, was actually discussed earlier, from a different perspective, in [11] 1 : a scalar field can be compelled to emerge from the Big Bang while climbing up an exponential potential. This happens when the logarithmic slope of the potential, |V ′ /V |, reaches a certain "critical" value, and amusingly for the ten-dimensional Sugimoto model of [6] it is precisely critical.
There is an interesting analogy between this phenomenon and the motion in a viscous medium of a Newtonian particle subject to a constant force f , for which the equation of motion and its solution read mv(t) + b v(t) = f , v(t) = (v 0 − v l ) e Insofar as b is finite, there are two "branches" of solutions, depending on whether the initial speed v 0 lies above or below the "limiting speed" v l = f /b, while as b → 0 the upper branch disappears altogether. In String Theory the non-linear equations for a scalar field in the presence of an exponential potential also admit two distinct branches of cosmological solutions for logarithmic slopes that are small enough, and the climbing solution is branch that in our mechanical analogy corresponds to v 0 < v l . When the logarithmic slope reaches a finite critical value the other branch ceases to exist, and as a result the scalar can only exit the Big Bang while climbing up the potential. In the simplest one-field model of this type, the transition occurs precisely when the Lucchin-Matarrese attractor [13] disappears.
With more scalar fields, and in four dimensions in particular, the dynamics becomes far richer, but the phenomenon continues to occur, and in particular a "critical" logarithmic slope obtains again in the KKLT model [18] , where the eventual descent is dominated by an attractor. These types of models with potential wells actually afford another interesting possibility: climbing scalars can get "trapped" in them as a result of the cosmological evolution. This is seen very clearly in numerical tests, and simple analytical solutions of this type exist in piecewise exponential potentials. Finally, the climbing phenomenon can naturally inject slow-roll inflation: this is true even in the one-field model motivated by [6] , provided one takes into account the stable non-BPS D3 brane that was identified in [19] following [20] . There is clearly a delicate point, however. The climbing phase occurs near the Big Bang, when higher-derivative corrections (α ′ corrections, in string language) are in principle large. Truly enough, they could be small if the typical scale of the scalar potential were much smaller than the string scale, but this is certainly not the case for the model of [6] . In lower dimensions, a similar problem presents itself for string-size internal spaces, and in particular in the examples discussed in Section 3, where trapping is more natural precisely for small v.e.v.'s of the moduli. We do not have concrete answers to all these questions, but the climbing phenomenon seems nonetheless a suggestive, natural and interesting option for the Early Universe in String Theory, with a potential signature in the low-frequency tail of the CMB spectrum.
A Climbing Scalar in D Dimensions
Let us consider a class of low-energy effective actions of the type
in D dimensions and with generic potentials V (φ). One can study an interesting class of their cosmological solutions letting 2) and making the convenient gauge choice [14, 10, 11 ]
where M is a mass scale related to the potential V (φ). Working in terms of the "parametric" time t, that eq. (2.2) relates to the actual cosmological time η according to 4) and making the further redefinitions 5) in an expanding universe, whereȧ = 1 +φ 2 , (2.6) one is thus led toφ +φ 1 +φ 2 + 1 +φ
where "dots" denote τ -derivatives.
Exponential potentials and exact solutions
For the class of exponential potentials
eq. (2.7) reduces toφ +φ 1 +φ 2 + γ 1 +φ 9) and up to a reflection one can restrict the attention to positive values of γ. In general one can solve rather simply eq. (2.9) lettingφ = sinh f , and in particular in the "critical" γ = 1 case
A closer look reveals an amusing property of this solution: τ 0 merely defines the Big Bang, while the other integration constants fix the values of the two functions ϕ(τ ) and a(τ ) at some later reference time. As a result, rather remarkably, ϕ can only emerge from the Big Bang while climbing up the potential. The scalar field then reverts its motion at τ * = τ 0 + 1, giving rise to a couple of e-folds of accelerated expansion before the final descent along the potential. Letting τ 0 = 0, for all positive values of τ and γ = 1 one thus finds
For small values of γ there should be no preferred motion for the scalar field, and indeed for γ < 1 eq. (2.9) does admit two types of solutions. The first describes again a scalar that emerges from the Big Bang while climbing up the potential but, in its eventual descent, approaches from below, in the "parametric" time τ , the finite limiting speed
On the other hand, for γ < 1 the second solution describes a scalar that emerges from the Big Bang while climbing down the potential, at a speed in "parametric" time that eventually approaches from above the limiting value (2.12), but it disappears altogether as γ → 1. However, the suggestive analogy with eqs. (1.1) holds only insofar as one refers to the "parametric" time τ , or equivalently to t, since in all cases the scalar comes eventually to rest in terms of the cosmological time. Keeping this in mind, the complete solutions for γ < 1 are
for the climbing scalar, and
for the descending scalar. As we anticipated, the large-τ behavior of eqs. (2.13) and (2.14) is the same: it corresponds to the "attractor solution" of Lucchin and Matarrese [13] , which can be obtained from the previous expressions replacing τ with τ − τ 0 and considering the formal limit τ 0 → −∞. This behavior guarantees that, at slow roll, a system of this type give rise to power-like inflation [13, 15] . In Section 4 we shall briefly retrace how this can only occur for γ < 1/ √ D − 1, well below the "critical value" for the climbing behavior, so that this simple one-field model cannot combine climbing with steady-state inflation.
There is also a "supercritical" region of parameter space, which is characterized by logarithmic slopes γ > 1. In this case there are two singularities at the ends of the finite interval τ ∈ (0, π/ γ 2 − 1) of "parametric" time, which spans the whole cosmological evolution. The scalar continues to emerge from the Big Bang while climbing up the potential, experiences a turning point as in the previous cases and then climbs down the potential, approaching an infinite speed in "parametric" time but still coming to rest in terms of the cosmological time η. The corresponding expressions for the space-time metric and the string coupling,
can be obtained from those of eqs. (2.13) and (2.14) as analytic continuations.
Let us stress that the climbing solutions afford in principle a perturbative realization in String Theory. On the contrary, the descending solutions reach inevitably into regions of strong coupling at early times. Finally, the asymptotic behavior for large cosmological time η of the scale factor is a ∼ η 1 γ 2 (D−1) for both the climbing and descending solutions available for γ < 1, in compliance with the Lucchin-Matarrese attractor [13] , and is simply a ∼ η 1 (D−1) for γ ≥ 1.
String Realizations
The phenomenon that we have illustrated plays a role in String Theory in at least two different contexts. The first is "brane supersymmetry breaking", in particular with reference to the model of [6] , whose potential is induced from Riemann surfaces of Euler number one taking into account the D9-O9 + system present in the vacuum. The corresponding Einstein frame action is
where H = dC + ω 3 is the field-strength of the RR two-form C and α = 32 T 9 is the dilaton tadpole in units of the elementary D9 brane tension. A similar expression would obtain after a toroidal compactification to D space-time dimensions, but with 17) so that this type of system is always "supercritical" for D < 10 and "subcritical" for D > 10, the additional range available for bosonic strings. The ten-dimensional model of [6] sits in the middle, and corresponds precisely to the "critical" case γ = 1. The second context is provided by non-critical strings, where the exponential potential arises on the sphere, and retracing the previous steps one could see that in this case γ > 1 for D ≤ 4 and γ < 1 for D ≥ 5.
One can now compactify (2.16) to four dimensions, letting [21] g (10) ij = e σ δ ij , g
µν , (2.18) where, in the absence of the tadpole, i,j = 1, 2, 3 would label the complex coordinates of a Calabi-Yau space with (h (1,1) , h (2,1) ) = (1, 0). Aside from the breathing mode σ and the dilaton φ, two axion fields would then behave as flat directions in four dimensions. While the tadpoles are somehow treated as a perturbation, these suggestive steps have the virtue of leading rather directly to the KKLT setting of [18] .
where Φ s and Φ t are canonically normalized four-dimensional fields, and working with κ 4 = 1 the relevant four-dimensional Lagrangian reads
For the model of [6] s defines a flat direction, and therefore we shall confine our attention to the solution s = s 0 , that in principle may be stabilized adding fluxes as proposed in [18] . Once this is done, the redefinitions (2.5) show that the four-dimensional exponential potential for Φ t has precisely γ = 1. One can thus say that the ten-dimensional model of [6] remains critical after this compactification.
Another noteworthy option, a potential that is the sum of two exponentials, one steep enough to induce the climbing and another flat enough to support a slow-roll inflationary phase, is also available in the setup of [6] . In fact, the ten-dimensional Sugimoto model admits a stable non-BPS D3 brane [19] , in whose presence the complete four-dimensional potential, 
Moduli stabilization, climbing and trapping
In the last few years, important progress in the study of string compactifications with fluxes [23] has triggered an intense activity on the issue of moduli stabilization. The potentials of an interesting class of models of this type were introduced in the classic KKLT paper [18] . It is thus interesting to investigate the behavior of these systems from our vantage point.
Climbing in the KKLT system
Let us consider a four-dimensional effective action described via a superpotential W and a Kähler potential K of the type
where we work again with κ 4 = 1. In the standard setting of [25] these determine the potential
and this class of models has tiny wells whose local minima correspond to negative values for the vacuum energy. In order to overcome this problem, the complete KKLT potentials of [18] contain an additional contribution of the type
whose net effect is precisely to lift the minima to positive vacuum energies. This contribution is usually ascribed to an F -term uplift [24] , but as we have seen our arguments of Section 2.2 can relate it to a ten-dimensional tadpole. The complete potential has a valley of local minima and maintains a typical runaway behavior in the asymptotic region Re T → ∞, where it is dominated by the uplift (3.3) 2 .
In adapting eqs. (3.2) and (3.3) to the four-dimensional KKLT system [18] , the complex field T is to be expanded according to
in terms of the canonically normalized scalar Φ t and the axion θ. As we have anticipated, the last term in eq. (3.3) corresponds precisely to the "critical" value γ = 1, in the notation of Section 2, so that the relevant portion of the low-energy effective field theory reads
In the convenient gauge (2.3) and with the redefinitions
where M is a dimensionful quantity related to the energy scale of the potential V , and neglecting the contribution of the D9 brane (the D3 brane, in the notation of the previous section), the field equations become In [18] , a different uplift generated by a D3 anti-brane tension in the presence of warping led to a potential V ∼ 1/t 2 . In our language, this contribution would correspond to a "subcritical" logarithmic slope.
Let us now focus on the "critical" tail of this potential, leaving aside momentarily the tiny well and neglecting the contribution of the non-BPS D brane. It is convenient to work in a slightly more general context, letting 1 2V
where γ is actually 1 for the KKLT model. In this case x and y enter eqs. (3.7) only via their derivatives, and our experience with the one-field model of Section 2 suggests the additional change of variables dx dτ = r w , e
with w ∈ [−1, 1], that finally reduces the system (3.7) to
The first equation is now strikingly similar to eq. (2.9), up to the redefinition r → −φ. The key novelty, that as we shall see shortly has a remarkable effect on the dynamics, is that the parameter γ of Section 2 is replaced by γ w, that can assume any value in the interval [−γ, γ].
As a result, this class of models can in principle combine the existence of a stable attractor with the climbing behavior of Section 2. This is indeed the case, as we now come to explain.
Let us begin by displaying attractor solutions for the non-linear system (3.11). The first, more conventional one, is a τ -independent solution that can be found almost by inspection, and there are actually two solutions of this type. One, with w(τ ) = ±1, is again the Lucchin-Matarrese attractor [13] of the one-field model, while the other, 12) involves in an essential way both Φ t and θ and exists provided
so that it is available in the actual KKLT system, for which as we have seen γ = 1. Below this value, the large-τ behavior of the system is dominated by a different asymptotic attractor that we originally noticed in numerical tests, whereby
with two constants c and α and where k must be non negative in order that these contributions be bounded as τ → ∞. Interestingly, the second of eqs. (3.7) determines k, and for the two-field system there is thus a new option,
where k > 0 within a range of values for γ that is complementary to that of eq. (3.13). The attractors (3.12) and (3.14) are stable in the corresponding ranges for γ, and in particular for the system with the "uplift" (3.3) eqs. (3.12) imply the typical large-τ behavior
The system (3.11) has an apparent singularity at r = 0, but one can show that the scalar simply reverts its motion before reaching this special point. On the other hand, the large-r behavior is particularly interesting for our purposes, since it is typical of epochs that are close to the Big Bang. The scalar moves very fast in this case, in terms of both τ and cosmological time, so that the actual KKLT system (with γ = 1) reduces to 17) where ǫ denotes the sign of r. These two equations can be combined into a single second-order equation for r alone that integrates simply tȯ r ≈ r
where C is a constant, but in this fashion one introduces spurious solutions of eqs. (3.17) unless C vanishes. As a result, eq. (3.18) gives finally 19) and the first of eqs. (3.17) then forces w to approach − ǫ as |r| grows. Once w gets frozen in this fashion, it should not come as a surprise to the reader that one is led back to the one-field behavior, and in fact combining this result with eq. (3.19) finally implies that 20) which describes indeed a climbing scalar.
In conclusion, as in the simpler one-field model of Section 2 the scalar field Φ t is forced to emerge from the Big Bang while climbing up the γ = 1 potential, but in this case it eventually converges on the attractor (3.16) . This typical behavior is seen very nicely in numerical solutions of the full KKLT system.
Piecewise exponentials and trapping
It is intuitively clear that a climbing scalar can get trapped inside a potential well if it can overcome the barrier and cosmological friction damps its subsequent motion to a sufficient extent. As a result, the climbing phenomenon can give rise to a variety of potentially interesting metastable states. One can solve exactly eq. (2.7) for the instructive class of "piecewise-exponential" potentials, which can model a variety of potential wells and thus open an instructive window on this phenomenon. The analytic solutions can be obtained solving eq. (2.9) in the various exponential regions, as in Section 2, and then patching the results together by demanding that ϕ and its first τ -derivative be continuous at the transition points where γ changes abruptly. The reader will not fail to notice the analogies with standard techniques used for the Schrödinger equation in square-well potentials.
Let us illustrate the procedure for the class of potentials displayed in fig. 1 ,
where on the right we are actually introducing an infinite wall, which suffices to illustrate the phenomenon and leads to simpler solutions of the matching conditions. To this end, let us consider a scalar field that emerges from the Big Bang while climbing up the outer wall of fig. 1 , and for later convenience let us define the function 22) so that, if the Big Bang occurs at τ = 0, in Region İ
In order to enter the well, the scalar field must now reach the top of the barrier while climbing up, and this is possible provided
In a similar fashion, the solution in Region II includes two integration constants, τ (1) and ϕ (1) , and readsφ
Finally, the third region coincides with the second, that the scalar ϕ retraces after being reflected by the infinite wall, so that ϕ III takes again the form (3.25), albeit with two different integration constants τ (2) and ϕ (2) : 2) ) . The matching conditions require that ϕ and its first derivative be continuous at the "parametric" time τ 1 when the top of the barrier is first reached, so that 27) and that a reflection occur at the "parametric" time τ 2 when ϕ reaches the infinite wall:
The conditions on the derivatives in eqs. (3.27) and (3.28) are then simple to solve, and give
while trapping occurs if 30) i.e. if in region III the scalar field reverts its motion before reaching again ϕ 1 . In terms of the function f of eq. (3.22) this condition reads
and implies that
In the range of interest matters simplify to a large extent, since 0 < ξ < 1 in order that the scalar be climbing the outer wall when it reaches ϕ 1 (for a "fast" scalar actually ξ << 1). Then, on account of eq. (3.29), τ 1 − τ (1) > 1, and thus a fortiori η > 1. As a result, the boundary of the trapping region (3.31) is well approximated by the hyperbola ξ η = 1 (and particularly for a "fast" scalar), so that one can finally conclude that trapping does occur in this model provided
Notice that this is a rather weak condition, in view of the logarithmic growth of ∆ϕ with the "speed"φ(τ 1 ) of the scalar field at ϕ 1 , the top of the outer barrier of the potential well.
Beyond this class of examples, there is some concrete evidence that trapping occurs for wide ranges of parameters in the presence of "critical" or "overcritical" exponential potentials. For example, fig. 2 displays a numerical solution of this type in a KKLT potential. 
Inflation driven by climbing scalars
For the class of metrics (2.2) that we have analyzed, the acceleration of the Universe is to be defined with reference to the cosmological time η, and thus occurs if
is positive. In an expanding Universe, the acceleration can be quantified via the corresponding number N of e-folds, where
For the one-scalar system of Section 2, one can thus see that an accelerated phase is possible if
and for instance for the Lucchin-Matarrese attractor this is the case only if
which lies well below γ = 1, the "critical" logarithmic slope for the climbing phenomenon. In a similar fashion, one can show that in the two-field KKLT system the condition for an accelerated expansion is simply, in the notation of Section 3, 5) which is not fulfilled during the final descent for γ = 1. As we have anticipated, however, the combined effects of the D9-brane tadpole of [6] and of the non-BPS D3-brane tadpole of [10] can lead to a climbing phase that is eventually followed by steady-state inflation, since the first term of eq. (2.21) forces the scalar field to climb up when emerging from the Big Bang while the second dominates the eventual descent where it can indeed support slow-roll inflation. Fig. 3 displays a numerical solution of this type.
